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We formulate several criteria under which the symmetries associated with the Killing and Killing- 
Yano tensors on the base space can be lifted to the symmetries of the full warped geometry. The 
procedure is explicitly illustrated on several examples, providing new prototypes of spacetimes ad¬ 
mitting such tensors. In particular, we study a warped product of two Kerr-NUT-(A)dS spacetimes 
and show that it gives rise to a new class of highly symmetric vacuum (with cosmological constant) 
black hole solutions that inherit many of the properties of the Kerr-NUT-(A)dS geometry. 


I. INTRODUCTION 

Introduced into physics by Penrose et. al. in the early 
seventies , the totally symmetric Killing tensors and 
the skew symmetric Killing-Yano forms have played an 
important role for the developments of gravitational and 
mathematical physics ever since then. For example, they 
find a wide variety of applications in classical and quan¬ 
tum physics [J , play an important role for studying vari¬ 
ous integrability properties of (higher-dimensional) black 
holes [3,0 , are related to special manifolds 13 , or natu¬ 
rally appear in the context of string theory [s], l9|. Since, 
contrary to Killing vectors. Killing and Killing-Yano ten¬ 
sors do not have clear geometrical meaning—they no 
longer describe continuous symmetries of the geometry 
but can rather be considered as ‘symmetries of the phase 
space’—they are sometimes called dynamical, or hidden 
symmetries. 

The existence of hidden symmetries imposes strict re¬ 
strictions on the background geometry, e.g. [l0l - [l5l| . 
Consequently, not every manifold admits such symme¬ 
tries. Even if the symmetries are present, finding their 
form explicitly by solving the corresponding differential 
equations is a formidable task. For this reason, it is of 
extreme value to seek alternative ways for finding such 
symmetries. 

In this paper we proceed in this direction. Namely, we 
study hidden symmetries on warped spaces, formulating 
various criteria under which the Killing-Yano and Killing 
tensors on the base space can be lifted to symmetries of 
the full warped geometry. (For a different type of lift, see 
e.g. [i^ .) This decomposes a task of finding such symme¬ 
tries to a smaller problem (that of finding hidden symme¬ 
tries for a smaller seed metric) and opens a way towards 
extending the applicability of hidden symmetries to more 
complicated spacetimes. The procedure is illustrated on 
several examples of physical interest, including rotating 
black strings, higher-dimensional singly spinning Kerr- 


* Pavel.Krtous@utf.mff.cuni.cz 
t dkubiznak@perimeterinstitute.ca 
t Ivan.Kolar@utf.mff.cuni.cz 


AdS metrics, and the 5-dimensional Eguchi-Hanson soli- 
ton. We shall also consider a warped product of two Kerr- 
NUT-(A)dS geometries, constructing thus a new class of 
highly symmetric vacuum black hole solutions admitting 
towers of hidden symmetries lifted from the seed metrics. 

Our paper is organized as follows. In the next section 
we review the basic definitions of Killing and Killing- 
Yano tensors. In Sec. Ill four Theorems for lifting the 
seed symmetry to the full warped geometry are formu¬ 
lated. A concrete application of these theorems is il¬ 
lustrated for several examples in Secs. IV and V. The 
results are summarized in Sec. VI. The appendices con¬ 
tain supplementary material: Appendix is devoted to 
the proofs of the Theorems, Appendix [B] contains addi¬ 
tional material about the Kerr-NUT-(A)dS spaces and 
their warped product. 

II. KILLING-YANO AND KILLING TENSORS 
A. Notations 

Let us briefly explain our notations. In what follows 
we try to avoid writing explicitly the tensor indices, high¬ 
lighting the tensor character of objects by boldface. At 
the same time, we adopt a standard convention and do 
not distinguish tensors with covariant and contravariant 
indices—indices are automatically lowered or raised us¬ 
ing the metric g or the inverse metric g~^, respectively. 
The dot between two objects represents a (one index) 
contraction. For example, the divergence V • is given 
by (V • /r)ai...ap = 

We shall also employ the symmetric and multiple con¬ 
traction products. Namely, operation“V” stands for the 
normalized symmetric tensor product, 

{A V jg6i...bD ^ ^-2.1) 

The multiple contraction, denotes the partial con- 

r 

traction of two antisymmetric forms in the first r indices 
divided by r!, 

(a . p)a...b... = 2 . (2.2) 
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If no index r is indicated, the full contraction in all indices 
is assumed. In terms of this operation we can also write 
down the Hodge dual as 


* a = a • £ , (2.3) 

where e stands for the Levi-Civita tensor. 


B. Review of definitions 


Thep-form / is a Killing-Yano (KY) form [a if there 
exists a (p+I)-form if such that 


Va/ = a - if 


(2.4) 


for any vector a. The ^strength ip of the KY form is then 
uniquely determined as 


if = 


1 

p + l 


df . 


(2.5) 


The q-form ft, is a closed conformal Killing-Yano (CCKY) 
form if there exists a (q—I)-form ^ so that 


Vaft = a A I 


( 2 . 6 ) 


holds for an arbitrary vector a. The strength ^ is then 
given by 


4 


1 

D-q + l 


V-ft, 


(2.7) 


where D stands for the number of spacetime dimensions. 
Note that the notions of KY and CCKY forms are Hodge 
dual: the Hodge dual ft = * / of a KY form / with the 
strength is a CCKY form with the strength ^ * 9?, 

and vice versa. 

The Killing tensor k of rank r is a totally symmetric 
tensor satisfying 


VVfc = 0 . (2.8) 

The totally symmetric tensor q is a conformal Killing 
tensor (CKT) of rank r if there exists a symmetric tensor 
(T of rank r—1 such that 

V \/ q = g V cr . (2.9) 

We say that the strength cr determines the symmetric 
derivative of CKT q. It can be expressed in terms of the 
metric traces of V V q. For example, for a rank 2 CKT 
it reads 

'5' = ;^y^(2V-q +Vq) , g = q”. (2.10) 

If cr is exact, cr = dH, the CKT q defines a Killing tensor 
k according to [I|, 0 


( 2 . 11 ) 


Partially contracted squares of KY and CCKY forms 
generate Killing tensors and CKTs of rank 2, respec- 
tively0 Namely, a KY form / of rank p defines a second 
rank Killing tensor 

k = f . /. (2.12) 

p-i 

Similarly, a rank p CCKY form ft defines a CKT 

q = h • ft . (2.13) 

p-i 

For the Hodge dual forms f = *h these tensors are re¬ 
lated by (12.111) . where 

A = f»f = h»h. (2.14) 

III. LIFTING THE HIDDEN SYMMETRY 
Warped spaces 

The warped space M can be realized as a direct prod¬ 
uct M = M X M of two manifolds of arbitrary dimensions 
D and D, with the metric 

g^g + w^g. (3.1) 

Metrics g and g are called the base (seed) metrics and w 
is the warp factor. The Levi-Civita tensor has the form 

e = e A e . (3.2) 

If not said otherwise, we assume that tilded objects A 
are non-trivial only in “tilded directions” and, similarly, 
barred objects A only in “barred directions”. The or¬ 
thogonal splitting of the tangent tensor spaces TM = 
TM 0 TM is well defined thanks to the diagonal char¬ 
acter of the metric (I3.1|l . Also, if not said otherwise, the 
tilded and barred objects will depend only on a position 
in M or M, respectively. 

The curvature tensor of a warped space can be recon¬ 
structed in terms of the curvatures of the seed metrics 
and the so called Hessian tensor H [T^. For the Ricci 
tensor and the scalar curvature one gets 

Ric = Ric + Ric — — T-tR + (Z) — 1)A^1 , 

w w 

1 - 2D ~ - 

n = n + ^n-—n-D{D-i)x‘^, (3.3) 

W w 

where 

H = VVW , n = Hmng^'^ , 

A = , P = q“''A„At, . (3.4) 

w 

As shown in the next subsection, the logarithmic gradient 
A of the warp factor w plays an important role for the 
lift of hidden symmetries. 


^ Note that the converse is not true: not every (conformal) Killing 
tensor can be written as a square of a (conformal) KY tensor. 


k q = Ag ^ . 
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A. Lifting theorems 

In this section we formulate several “symmetry lifting 
constructions”, where a symmetry of the base space is 
lifted to a symmetry of the full warped geometry. While 
results of Theorems 1 and 2 are already partially known 
in the literature, see e.g. [l^, Theorems 3 and 4 are, we 
believe, entirely new. The proof of each Theorem can be 
found in Appendix lAl 

Let us first concentrate on the seed metric g. 
Theorem 1. Let the seed metric g of the warped geom¬ 
etry (j3.ip admits a KYp-form f or a CCKY q-form h. 
Then the following forms: 

/ = h;P+i/, (3.5) 

h = A h , (3.6) 

are the KY p-form or the CCKY {D-\-q)-form of the full 
warped geometry 

Theorem 2. If k is a rank r Killing tensor of the metric 
g, then 


(3.7) 

is a Killing tensor of the full warped geometry g. 

A similar construction can be formulated for the sym¬ 
metries of metric g. However, in this case additional 
conditions on the warp factor w have to be satisfied. 
Theorem 3. Let f he a KY p-form of the seed metric 
g of the warped geometry en) and let the warped factor 
w satisfies 

d{w-^P+^^f) = 0 . (3.8) 

Then the following {D -\- p)-form: 

f = w^fAe (3.9) 

is a KY form of the full metric en). Similarly, let h be 
a CCKY q-form of g and the the warp factor satisfies 

V. (^-(-0+9+1)/^) =0. (3.10) 

Then the following q-form: 

h^h (3.11) 

is a CCKY form of the metric m- 
The conditions (13.811 and (13.101) can be written in a 
different form. Using the Leibnitz rule, we find 

d~f = {p+l)XAf, (3.12) 

V-h = {D-q + l)X-h, (3.13) 

where the closed 1-form A is defined in dSH). Employ¬ 

ing the KY and CCKY strengths (12.51) and (12.711 . respec¬ 
tively, one obtains 

ip = XAf, ^ = Xh. (3-14) 


The conditions are equivalent under the Hodge duality 
h = i f with q = D — p. 

Theorem 4. Let q be a rank 2 CKT of the metric g 
with its symmetric derivative given by vector a, (12.101) . 
and the logarithmic gradient A = w~^dw of the warp 
factor satisfies 

dr = 2 q ■ X . (3.15) 

Then 

= q‘^^ (3.16) 

is a CKT of the warped metric g and its symmetric 
derivative is given by vector cr“ = or‘^. 

Theorems 1 and 2 are related in a sense of (12.121) . Sim¬ 
ilarly, Theorems 3 and 4 are compatible with the relation 
(12.131) : if a CCKY form h satisfies the condition (13.1011 . 
its square q, (12.131) . satisfies the condition (13.151) and the 
CKT q on the warped space is a square of CCKY form h. 
However, the theorems in these pairs are not equivalent 
or the latter is not a corollary of the former, since the 
existence of a Killing tensor (or a CKT) not necessarily 
requires the existence of its KY (CCKY) “square root”. 


IV. THREE SIMPLE EXAMPLES 


As a first simple example, let us consider a rotating 
black string in hve dimensions. The metric takes the 
form en), with a trivial warp factor w = 1, g = dz^, 
and g given by the Kerr geometry, 

g = - - \dt — a sin^ Bdcfj ^ -f ^dr'^ -(- p^dO^ 

-\- \^adt - (r^ -I- a^)ddi]^ , (4.1) 

where 


Is. = r^ -\- of — 2mr , = r^ -\- cos^ Q . (4.2) 

The Kerr metric (14.ip admits a non-trivial KY 2-form Q 
f = a cos 9dr A (dt — a sin^d(i<))) 

—rsinOdd A {adt — (r^ -|- a'^)d(j)) . (4.3) 


Applying the Theorem 1, this immediately lifts to the 
KY 2-form / = / of the black string in five dimensions. 

As a second non-trivial example, let us consider the 
singly -spinning Kerr-AdS metric in d number of dimen¬ 
sions (20|. This metric can be written in the form (ED, 
where, in the standard Boyer-Lindquist coordinates, we 
have 


g 


9 


A r 
T2 


P‘ 

S sin^ 9 
■>2 


dt — — sin^ Odcj) 


1 2 


0“^ f? 

Pdr^ + ^d9^ 
A S 


adt - ^-^drf 


, w=r cos 9 , 


(4.4) 

(4.5) 
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and 

2 2 

A = (r^ + a2)(l + ^) - 2mr5-'^, S = 1 - ^ cos^ 9 , 

S = 1 — cos^ 0 . (4.6) 

It is known, e.g. [2l|, that g admits a non-trivial CCKY 
2 -form, given hy h — db, where 

2b = (r^ -I- sin^d)dt — ^ sin^d(a^ -I- r'^)d(j) ■ (4.7) 


One can easily verify the validity of condition (13.101) . The 
Theorem 3 then implies that h = h is a. CCKY 2-form 
of the full d-dimensional Kerr-AdS geometry. 

Finally, consider the hve-dimensional Eguchi-Hanson 
soliton 1^ . The metric writes as (EU, with 


dr^ 

g = — A [dt + 2n cos 9d(l)]^ -\— — + [r^ -|- n'^)dVt\ , (4.8) 

.9 ~9 9 A AmP — 2in?r‘^ — 

g = dz^ , nf =r^ , A =- -, (4.9 

+ n^j 


The metric is on-shell, that is, it obeys the vacuum 
Einstein equations with the cosmological constant A = 
{2N — 1){N — l)cisf, provided the metric functions 
take the following special polynomial form: 

N 

X^ = Y,Ck{-xlf -2b^x^. (5.3) 

fc=0 

In particular, for a black hole solution (provided proper 
ranges and Wick rotations of coordinates are chosen and 
some relations between parameters are satisfied), pa¬ 
rameters Cj, j = 0,..., N — 1 are related to rotations, 
while parameters 6^ are related to mass, NUT and twist 
charges, see for a more detailed discussion. 

Interestingly, irrespective of the metric signature or 
field equations, for any metric functions of the form 

Xf, = X^{x ^), (5.4) 

the so called off-shell metric (15.111 admits a rich structure 
of hidden symmetries. These symmetries can be gener¬ 
ated from the principal CCKY tensor h, given by [25l| 


and = P /A. The metric g admits a non-trivial CCKY 

2 -form, given by ft. = db, where [2l| 


ft = - A dipk . (5-5) 

k 


2b = r^dt -\- 2n{r^ -I- n^) cos{d)d(j). (4.10) 

Again, one can easily check the condition (13.101) . The 
Theorem 3 then implies that ft = ft is a CCKY 2-form 
of the full 5-dimensional Eguchi-Hanson soliton. 


V. WARPING KERR-NUT-(A)DS 


A prominent example of a geometry with more than 
one hidden symmetry is the general Kerr-NUT-(A)dS 
spacetime In an even dimension, D = 2^0 

the metric, written in the Carter-like coordinates 
p = 1,... ,N, and tfi, i = 0,..., N — 1, reads 


^ = E 



(5.1) 


In particular, we find the towers of symmetries summa¬ 
rized in the following table [^ : 


Hidden symmetries of Kerr-NUT-(A)dS 

CCKY forms 

ffC = 

KY forms 

YYZ7W> 

Killing tensors 

k(j) = 

2N-2j-l 

CKTs 

q,.. — • /iC) 

2j-l 


Forms and tensors in this tower are defined for 
j = 0,...,N, however, for some values of j, 

they are trivial. Namely, ft*-*^^ = 1, 

f(.o) ^ j^{N) ^ = g-i = 0, q(o) = 0, 

g(^N) = Note also that the the Killing tensors 

are related to the CKTs by 


where 


^(i)+9(i) = (5-7) 


^(fc) _ V x^ 

yiK-'-Kuk 


UtL ='[[ixl- xl) , 


(5.2) 


^ We concentrate on even dimensions for simplicity of illustration. 
The same construction applies to odd dimensions as well, with 
additional “odd terms” present. 


reflecting the fact that the strengths of CKTs are given 
by 


O'(i) = g ^ . (5.8) 

Let us now construct an example of a new warped ge¬ 
ometry (j3.1l) where the two bases g and g are the off-shell 
Kerr-NUT-(A)dS geometries (15.ip of dimension D = 2N 
and D = 2N, respectively, while we choose the following 
warp factor: 


w 




'N 


(5.9) 
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Obviously, such a warped space is not an off-shell Kerr- 
NUT-(A)dS geometry (15.11) . However, as we shall see, 
it shares some important properties with the Kerr-NUT- 
(A)dS geometry. Namely, it possesses the tower of hidden 
symmetries, that can be obtained by lifting the symme¬ 
tries of the two seed metrics using Theorems 1-4. 

Moreover, as shown in Appendix IB 41 the warped ge¬ 
ometry solves the vacuum Einstein equations with the 
cosmological constant A, provided we set 


N 

k^O 

N 

k=0 


2br, 


-2N-1 ’ 




2baXn , 


with 


A 

(2iV- l)(iV- 1) ’ 


Co — Cjv . 


(5.10) 

(5.11) 


(5.12) 


We note that the barred metric itself is an on-shell Kerr- 
NUT-(A)dS geometry. However, the tilded metric has 
modified metric functions, with the exponent of Xfj, in 
6 /i-term depending on the dimension of the barred part. 
In particular, we observe that for a two-dimensional 
Lorentzian metric g and vanishing parameters bp = 0 
the warped space reduces to the spherical Schwarzschild- 
Tangherlini black hole in the dimension D = 2 + D. 

Let us now turn to the lift of the hidden symmetries. 
As always, the results are valid for the off-shell warped 
metric, for arbitrary Xp = Xpixp) and Xp = Xp[xp). 

We start from the metric g. To implement the lift¬ 
ing construction given by Theorems 3 and 4, we need to 
demonstrate that the warp factor dSH) and the forms 
jc(fc), CKTs satisfy the conditions 

(13.81) . (13.101) . and (13.151) . respectively. We do so in Ap¬ 
pendix IB 31 The theorems then imply that the warp 
geometry (13.11) inherits the following KY forms, CCKY 
forms, and CKTs: 

A £ , (5.13) 

rP"' = fP'l , (5.14) 

<!(])= j = 0,...,W (5.15) 

Note that CKTs (15.151) could be obtained as a square 
of (15.141) . according to (12.131) . Similarly, taking square 
(12.121) of (15.131) we can define Killing tensors k^y With 
the help of (13.11) and (15.71) they read 


^U) = ^G) ^9 ^ ■ (5.16) 

The Killing tensors (I5.16P and CKTs (15.151) satisfy (15.71) 
with 


j^j) — j^U) , j^G) — f^G) , f^G) ^ (5-17) 


which, in this case, reads 

AG^ = AG'> . (5.18) 

Turning next to the metric g, the Theorem 1 immedi¬ 

ately implies that the warped space (13.11) inherits the fol¬ 
lowing rank 2{N — j) KY forms rank 2{N+j) 

CCKY forms KG'): 

f{N+]) ^ ^2{N-j)+l JU) ^ ( 5 , 19 ) 

e A KG') , (5.20) 

while the Theorem 2 guarantees the following Killing ten¬ 
sors: 


^{N+j) — ^U) ’ (5-21) 

that could be also obtained by taking the square (I2.12|) of 
Similgrly, by squaring (15.201) . according 

to (|2.13|) . we can construct the following CKTs: 

9iN+j) = w^AG'ig + QQ) . (5.22) 

Killing tensors (15.211) and CKTs (15.221) are related by 
(15.71) with defined by f2.14l) . 

_ j;{N+j) ^ j;{N+j) _ fi{N+j) ^ , (5.23) 

However, since the warped space is not the Kerr-NUT- 
(A)dS geometry, instead of (15.21) we have, 

j^{N+j) ^ pp2^Cj) , (5,24) 

This concludes the lift of all hidden symmetries of the 
two Kerr-NUT-(A)dS spaces. We thus constructed the 
full symmetry tower for the warped space (EH) given by 
the product of two Kerr-NUT-(A)dS metrics (15.11) with 
the warped factor (15.91) . cf. the symmetry tower of Kerr- 
NUT-(A)dS in U = 2{N -|-7V) dimensions (15.61) . Namely, 
we have obtained KY and CCKY forms fG'> and 
Killing tensors fc(i), and CKTs g^^y for j = 0,..., A^, 
N = N + N^ 

Since the warped space does not directly belong to 
the Kerr-NUT-(A)dS class, the same degree of symm etry 
may be surprising. The reason for this is discussed in [24l| . 
where the warped spaces are obtained as a particular 
limit of the Kerr-NUT-(A)dS geometry. 


^ Let us point out, that the lift of tilded objects with j = N and 
barred objects with j = 0 gives the same Killing objects on the 
warped space with j = N. Therefore, + 1 values of index j 
is consistent with TV + 1 values of index j and iV + 1 values of 
index j. 
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VI. SUMMARY 

Hidden symmetries associated with the Killing-Yano 
and Killing tensors play an important role in modern 
gravitational and mathematical physics. For example, 
such symmetries provide a powerful tool for studying var¬ 
ious integrability properties of higher-dimensional black 
holes. However, to show their presence or, even more im¬ 
portantly, to find such symmetries explicitly for a given 
metric is not a straightforward task. 

In this paper we have studied a ‘warping construc¬ 
tion’ that will allow one to generate hidden symmetries 
of complicated spacetimes, starting from the symmetries 
of more simple ones. Namely, we have formulated four 
Theorems discussing the conditions under which a hidden 
symmetry of the base space can be lifted to the symmetry 
of the full warped geometry. We illustrated the procedure 
on several examples, providing new prototypes of space- 
times admitting hidden symmetries. In particular, we 
have constructed a new class of vacuum black hole solu¬ 
tions that admit the ‘same’ tower of hidden symmetries 
as the general Kerr-NUT-(A)dS spacetime. A general¬ 
ization to a wider class of metrics is under investigation 
[^ . Further generalizations of this construction as well 
as its applications to finding new examples of physically 
interesting spacetimes with hidden symmetries are left 
for future studies. 
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Appendix A: Proofs of Theorems 

When working on a warped space with the metric 

g = g + w^g, (Al) 

it is natural to use adjusted coordinates yfi and which 
depend only on positions in M and M, respectively. 
Since the metric g depends only on and g only on yp, 
the Ghristoffel coefficients with respect to the adjusted 
coordinates split as 

= + + (A2) 


where F^j, and F^j, are Ghristoffel coefficients of the met¬ 
rics g and g, respectively, and 

= XaSt + 6:Xb - r'XeW^gab , (A3) 

where 1-form A is defined in (13.41) . 


Theorem 1 

We want to prove that f = is a KY form of the 

metric g, assuming that / is a KY form of g. Substitut¬ 
ing (12.51) into (12.41) . we want to show that 

{p+l)Vaf = a ■ df . (A4) 

Let us start evaluating the right-hand side: 

a ■ = 

= (a-f + (p+l) d- \f - (p-Pl) A A (d • /)) 

= ip + l)wP+\Vaf + d-\f-\Aid-f)) , (A5) 

where we have split the vector a = d + d into tilded and 
barred directions and in the second equality used the fact 
that / is a KY form of g. To express the left-hand side of 
(Eil), we need to evaluate the covariant derivative Vaf 
employing (IA2I) . With the help of (IA3p . S ■ f = 0, and 
using the standard action of Ghristoffel coefficients on a 
p-form, the contribution from the A^{,-term gives 

-pd - \f - \ A{d - f) . (A6) 

The left-hand side of (TAIl) thus reads 

= (Vq/ -f (p-bl) d\f-pd\f-XA{d f)^ 
= wP+\Vaf + d-Xf-XA{d-f)), (A7) 

where again we have split a = d-|-d, used (13.41) . and 
the fact that / and w depend only on barred and tilded 
directions, respectively. Comparing (IA5I) with (TATI) we 
obtain (IA4D . 

The Hodge dual of a KY form is a CCKY form and 
vice versa. To prove the symmetry lift (13.61) for a CCKY 
g-form h, we just have to evaluate where 

h = *f and p = D — q. Employing (13.21) . and the prop¬ 
erties of contractions and of the wedge product, we get 

• (£ A e) = 

= (-ifiD-i) w^D-q+i^-2{D-g)~ A (/ i £) (A8) 

= (-lf(D-q) ^9+i£A(5/) , 

proving that (13.61) is a CCKY form. 
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Theorem 2 


Let us proceed to the lift of a Killing tensor (13.71) . Em¬ 
ploying (IA2I) . (IA3I) . Vfc = 0, and the symmetry of fe, we 
get 


+ r - r k‘^---r)b 


(A9) 


Raising index oq with the metric m and taking the 
symmetrization in all indices, we prove (12. 8^ : 


^iaof,ai...ar-) _ ^(“0 ^ai ...Or) 


(AlO) 


Theorem 3 


the condition (|3.15l) is satisfied. Splitting the covariant 
derivative using (IA2I) and (IMl) . we get 

■ (Al5) 

Raising index a using g and symmetrizing in all three 
indices, we find 

V(aqM = v(agbc) . (A16) 

Taking into account that q satisfies tilded version of (12.91) 
and the consistency condition (13.15^ . we obtain 

V V q = g~^ V cr -I- w~^g~^ V cr = g~^ V cr , (A17) 

which is (1^ for the warped geometry we wanted to 
prove. 


Appendix B: Warping the Kerr-NUT-(A)dS 
geometry 


We want to prove (|2.6D for a CCKY form h of the met¬ 
ric g with the warp factor satisfying (13.101) or equivalently 
(13.131) . Splitting the Christoffel coefficients according to 
(IA2I) when acting on a g-form h, using (IA3I) . and Vh = 0, 
we find 


In this appendix we gather various technical results 
about the Kerr-NUT-(A)dS geometry and its warped 
product that are referred to in the main text. 

1. Useful identities 


Vah = Vq/i + a a (A • h). (All) 

Here, a = a + a with a = g ■ a and a = w^g ■ a, 
cf. (lAll) . Now we substitute the tilded version of (12.61) 
and the assumption (13.131) into the first term, to get 

'Vah = a A {X ■ h) + a A {X ■ h) = a A {X ■ h). (A12) 

Tearing off the vector a from (lAllI) and making the con¬ 
traction, we obtain the divergence V • h. Taking into 
account the assumption (13.131) and that X - h is trivial in 
barred directions, the divergence V • h reads 

V-h = V-h + D{X-h) = {D + D-q + l)X-h . (A13) 

Substituting it back to (IA12|) we arrive at (12.61) with (12.71) 
substituted and D = D + D. 

Next, we want to prove the symmetry lift (13.91) using 
the Hodge duality. Let / = S h is a KY form of the 
metric g. Then + h must be a KY form of the metric 
g. Employing (13.2|) and the relation for the Hodge dual 
(IQ) . we obtain 

*h = h» {e Ae) = {hi e) Ae = {ih)Ae, 

(AM) 

which proves (13.91) . 


Theorem 4 

Finally, we want to prove that a CKT q of the met¬ 
ric g is also a CKT of the warped metric g, provided 


Let us start by listing a couple of useful properties of 
functions t/^, and defined in (15.21) . First, AjP 
can be understood as a matrix and its inversion can be 
found explicitly: 

-= 5 ;, -=<5f. 

^1) 

We also have the following important lemma, e.g. 
Lemma 1. Functions of one variable satisfy 

the condition 

E ^ = 0 (B2) 

if and only if they are given by the same polynomial of 
degree TV — 2 


N-2 

/a* = E 

fc =0 


(B3) 


If the right-hand side of equation (IB2I) is non-trivial, the 
solution for functions f^ is given by a particular solution 
plus homogeneous solution (IB3I) . We list three examples 
which sums to a special righ-hand side: 






Ua 






E 


rp2 TJ 


1 , 

(B4) 

-Ad), 

(B5) 

1 

AW ■ 

(B6) 
























The last relation is useful when dealing with the warp 
factor (15.91) . 

2. More on Kerr-NUT-(A)dS 

Let us next provide more information about the gen¬ 
eral Kerr-NUT-(A)dS metric (15.11) . Introducing an or¬ 
thonormal frame 


The scalar curvature simplifies to 

(B17) 

The primes denote the differentiation with respect to a 
single argument of the metric function, X'^ = X^^^. 

3. Consistency conditions 



together with its dual frame 



(B7) 




2 \N-l-k 




d 


'^k 


(B8) 

the Kerr-NUT-(A)dS metric (15.11) and its inverse can be 
written as 

g = J2{ef^ei^ + ^(e^e^ + e^e^) . 


The principal CCKY tensor h, (15.51) now writes as 


(B9) 


h = ''^Xfj,e^ A e'^ , (BIO) 

and obeys (1^ with the strength £ given by 

^ ■h = g d^,= E • (Bll) 

/.t ^ ^ ^ 


Explicit expressions for the KY and CCKY forms f|5.6|l 
can be found in [2^. Killing tensors fc(j) and CKT 
()5.6I) read 


hi) = E > 

(B12) 

9u) = E ■ 

(B13) 

The Levi-Civita tensor is given by 

£ = A A • • • A A . 

(B14) 


It was shown in [2^ that the Ricci curvature is also 
diagonal in frame (IBTl) . 


N 

Ric = — (e^e^ -|- e^e'^) , (BI5) 

/j.=i 


with eigenvalues 


1 I x^Xjj x^X^ 





x,-x^ 

_™2 


(BI6) 


Let us now return back to the warped geometry iH) 
studied in Sec. given by two Kerr-NUT-(A)dS seeds 
and the warp factor (15.9p . We want to proof the con¬ 
sistency conditions of Theorems 3 and 4, namely (I3.12L 
(13.131) . and (I3.15L that guarantee that the forms 

and the CKTs qg-^ of the metric g can be lifted 
to the symmetries of the full warped geometry. Since 
all these conditions are formulated entirely in the lan¬ 
guage of tilded quantities, we can simplify our notations 
by skipping tildes in all expressions till the end of this 
subsection. 

For the warp factor (15.91) . vector g~^ ■ \ reads 

9”^ ■= E 

cf. (|B9I) . Contracting it with the principal CCKY form 
(IBIOI) and employing = 2x^Alf^dx^, we get 

M ^ k 


Recalling that the contraction acts as a derivative with 
respect to the wedge product, the definition (15.61) and the 
previous result (IB19I) imply 


A • = I A . 

Acting with V on we find 

^ '‘■ai...a2k ~ ^ ''-0102 '‘a3...02fc 

Jfe-1) 


(B20) 




(B21) 

where the wedges are understood between lower indices 
only and, in the second equality, we have used the 
property (1^ of the principal CCKY form written as 
V“/ibc = 2<5|),$,,]. The divergence V • thus reads 

V • = {D-2k + l)^A . (B22) 


Comparing (jB20l) with (jB22l) . we proved the condition 
(13.131) with q = 2k. The condition (13.121) is equivalent to 
(13.131) through the Hodge duality. 

To prove condition (13.151) . we contract A = — dccu 

with (IB13I1 and with the help of (IB8I) we find 


2 ^ • ^U) = E = 9-^ ■ > (B23) 

u 


cf. (IB9I) and again dA^^'> = 2Xfj.Aji ^'’dx^. Comparing 
with ()5.8D . we proved condition (13.151) . 
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4. On-shell warped metric 


Applying Lemma 1, we get 


Finally, we want to investigate for which metric func¬ 
tions Xp, and Xp the warped geometry studied in Sec.lVl 
satisfies the Einstein equations. Inspecting the structure 
of the Ricci tensor (13.311 . the Einstein equations with a 
cosmological constant Ric = split into two inde¬ 

pendent parts 


R~ic = —H 

w 


2A 

D-2 


g, 


Ric = 


-r + {,D- 1 

w D — 2 


g ■ 


(B24) 

(B25) 


The geometry in space M should not depend on position 
in M, therefore the coefficient on the right-hand-side of 
(IB25I) must be a constant, say K, 

K = + + (B26) 

When both partial metrics are Kerr-NUT-(A)dS geome¬ 
tries, we can use known expressions for the covariant 
derivative [2^ and can calculate the Hessian explicitly. 
All involved quantities read 


^ 2xp 



(B27) 

{ep~ep + hh) : 

\ ^ /,fj. 

(B28) 

II 

(B29) 


xpXp + {2N - l)Xp 

N-2 . 

= K+y dfexf, (B31) 

k=0 

with arbitrary coefficients dk- The right-hand side is just 
a polynomial of degree N and the differential operator on 
the left-hand side is homogeneous. Solving this simple 
differential equation, we find (introducing minus sign in 
powers of —x'p is merely convenient choice compensated 
by replacing constants d’s with c’s) 

A = i;2i(-4)* + T5|zT’ (“2) 

k—0 

where bp are integration constants (different for each /i), 
c^, k = l,...,fV — 1 are arbitrary constants (replac¬ 
ing d’s), and 

~ A - K 

(2iV-l)(iV-1) ’ 2iV-l' ^ ^ 

We thus found metric functions Xp for which the pro¬ 
portionality factor in (IB25I) is constant, K = {2N — l)co. 
Surprisingly, recalling (jBlSI) . (IB16I) . (IB29I) and identities 
(EH), one can show that tilded part (IB24I) of the Einstein 
equations is already satisfied by these metric functions. 

Barred part (IB25I) of the Einstein equations actually 
requires that g is on-shell Kerr-NUT-(A)dS metric with 
cosmological constant {N — 1)K. Following (15.31) . the 
metric functions Xp are given by 

N 

Xp = y-cp{-xy-2bpxp, (B34) 

k=0 


Substituting (IB27|) . (IB28() . (IB4I) . and (IB6p into (IB26|) . we 
obtain the condition 


Ur, 


y+{2N-l)^-^- 

net _ 


■ihui) 


N-1 


= 0 . 


(B30) 


with arbitrary constants bp and cj., provided that 


^ _ K 
~ 2N -I ■ 


(B35) 


Putting (IB33I) and (IB35I) together, we thus derived on- 
shell form of the warped geometry studied in Sec. [V] 
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